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YU YAN 

Abstract. We study the equation A g u - 4( "^ 2 1) R(g)u + Ku p = (1 + C <P< ^z§) on 
locally conformally flat compact manifolds (M n ,g). We prove the following: (i) When 
the scalar curvature R(g) > and the dimension n > 4, under suitable conditions on 
K, all positive solutions u have uniform upper and lower bounds; (ii) When the scalar 
curvature R(g) = and n > 5, under suitable conditions on K, all positive solutions u 
with bounded energy have uniform upper and lower bounds. We also give an example to 
show that the energy bound condition for the uniform estimates in |18j is necessary. 



1. Introduction 

Let (M n ,g) be an n-dimensional compact manifold with metric g, and we use R{g) to 
denote the scalar curvature of g. Let u be a positive function defined on M. The scalar 

4 

curvature of the conformally deformed metric u n ~ 2 g is given by 

R(u"^g) = — c(n) _1 w _ " T: 2 [A g u — c(n)R(g)u) where c(n) 



4(n- 1) 

The Yamabe Theorem, which was proved by the work of Trudinger [17], Aubin [1] and 

4 

Schoen [11], says that there exists u > such that R(u™- 2 g) is equal to some constant K. 
The P.D.E. formulation of this theorem is that the equation 

A g u — c(n)R(g)u + c(n)Ku^ = q 
has a positive solution for some constant K. 

In [1], J. Escobar and R. Schoen extended this result to the case when K is a function on 
M. They proved that under certain conditions on K, the above equation has a positive 
solution u when R(g) > or R(g) = 0. 

In fact, in those existence results the solution minimizes the associated constraint varia- 
tional problem and can be obtained as a limit of a sequence of solutions of the correspond- 
ing subcritical equations. Therefore, a natural question is whether non-minimal solutions 
can also be produced from solutions of the subcritical equations. We would like to know 
if there are uniform estimates for solutions of the equation 



(1) A g u — c(n)R(g)u + KvP = where 1 + C<P< 

This was proved to be true by R. Schoen [121 d5] when K is a positive constant, R(g) > 0, 
and (M n ,g) is locally conformally flat and not conformally diffeomorphic to S n . By 
the work of Y. Li and M. Zhu p], this is also true when K is a positive function on 
a 3-dimensional compact manifold (M 3 ,g) which has R(g) > and is not conformally 
diffeomorphic to S" 3 . In the case when K is a positive constant, this result by Li and Zhu 

l 
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was extended to dimensions n = 4, 5 by 0. Druet in [21 [3]. Then it was extended further 
to dimensions n < 7 independently by Y. Li and L. Zhang [7J and F.C Marques [10]; when 
the dimension n > 8, it was proved to be true by Li and Zhang [7J under an additional 
assumption on the Weyl tensor of the backgroud metric g. 

In [18] we proved uniform estimates for solutions with bounded energy when K is a 
function satisfying certain conditions on a 3 or 4 dimensional locally conformally flat 
manifold with zero scalar curvature. In this paper we study this problem when K is a 
function on locally conformally flat manifolds (M n ,g). We consider two separate cases: 
R(g) > and R(g) = 0. 

1.1. Manifolds of Zero Scalar Curvature. When the scalar curvature R(g) = on 
the manifold M, equation ([T]) becomes 

n + 2 

(2) A g u + Ku p = where l+(<p< -. 

The necessary conditions for the existence of a solution u > are that K changes sign on 
M and J M Kdv g < 0. 

The corresponding existence result is the following theorem in [4]: 

Theorem 1.1. (Escobar-Schoen [4]). Suppose M is locally conformally flat with zero 
scalar curvature. Suppose K is a nonzero smooth function on M satisfying the condition 
that there is a maximum point Pq G M of K at which all derivatives of K of order less 

4 

than or equal to {n — 3) vanish. Then K is the scalar curvature of a metric g = u n ~ 2 g for 
some u > on M if and only if K satisfies 
(i) K changes sign 
[ Xl Kdc,, < (I. 

When the dimension n = 3,4, the flatness condition on K is automatically satisfied and 
the locally conformally flat assumption on M can be removed. 

In |18| . we proved a compactness theorem when the dimension of M is equal to 3 or 4. 

Theorem 1.2. Q18J). Let {M,g) be a three or four dimensional locally conformally flat 
compact manifold with R(g) = 0. Let /C := {K e C 3 (M) : K > somewhere on 
M, J M Kdvg < —Ck 1 < 0, and \\K\\ C 3(m) < Ck} for some constant Ck, and Sa '■— 
{u : u > solves with K & JC, and E{u) := j M \Vu\ 2 dv g < A}. Then there exists 
C = C(M,g,CK,A,Q > such that u G S\ satisfies ||m||c 3 (m) < C and minu > C~ . 

In Section [2] we will give an example which shows that these estimates cannot be improved 
to be independent of the energy E{u). 

Next we give a similar theorem on manifolds of dimension n > 5. We first need to define 
a flatness condition on K as follows. 

Definition 1.3. A function K G C n ~ 2 (M) is said to satisfy the flatness condition (*) if 

near each critical point P of K where K(P) > 0, there exist a neighborhood and a constant 
C such that in that neighborhood 

n — 2 — p 

\V P K\ <C \VK\^r f or 2<p<n-3, 
where V P K is the p-th covariant derivative of K . 
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Note that this implies in particular all partial derivatives of K up to order n — 3 vanish 
at those critical points, and the order of flatness is the same as that in Theorem 11.11 A 
simple example of a function satisfying this condition is a function which can be expressed 
near the critical points as K(z) = a + 6|z| n_2 , where a, b are two constants and z is a 
local coordinate system centered at the critical point. This type of flatness condition also 
appeared in [6] and jB], where Y. Li studied the problem of prescribing scalar curvature 
functions on S n . 

We are ready to state the theorem: 

Theorem 1.4. Let (M n ,g) be a locally conformally flat compact manifold with R(g) = 0, 
and its dimension n > 5. Let K £ C n ~ 2 (M) be a function which satisfies the flatness 
condition (*); additionally, K is positive somewhere on M and j M Kdv g < 0. If u is a 
positive solution of equation @ with bounded energy E{u) := f M \Vu\ 2 dv g < A, then there 
exists a positive constant C such that llitllc^fAn < C and min-u > C~ l , where C depends 

v ; M 

on M,g, \\K\\ C n- 2m , J M Kdv g , A, and (. 

1.2. Manifolds of Positive Scalar Curvature. When the scalar curvature R{g) > 
0, the necessary condition for equation (ffj) to have a positive solution is that K > 
somewhere on the manifold. The following existence result was proved in [1]. 

Theorem 1.5. (Escobar-Schoen [3]). Suppose M is a locally conformally flat manifold 
with positive scalar curvature which is not simply connected, and K is a smooth function 
on M which is somewhere positive, and there is a maximum point Pq of K at which all 
partial derivatives of K of order less than or equal to (n — 2) vanish. Then equation ((7j) 
has a positive solution. 

When the dimension n = 3, the flatness condition on K is automatically satisfied and the 
locally conformally flat assumption on M can be removed. 

The compactness result when n = 3 was proved in [9]. 

Theorem 1.6. (Li-Zhu [9]). Let (M,g) be a three dimensional smooth compact Rie- 
mannian manifold with positive scalar curvature which is not conformally equivalent to 
the standard S 3 . Then for any 1 < p < 5 and positive function K G C 2 (M), there exists 
some constant C depending only on M,g, ||i^||c 2 (M)> an d the positive lower bound of K 
and p — 1 such that 

— < u < C and |M|c 3 (a<-0 — ^ 

for all positive solutions u of A g u — ^R(g)u + Ku p = 0. 

We will give a compactness theorem when the dimension n > 4. But K needs to satisfy 
a flatness condition near its critical points. 

Definition 1.7. A function K £ C n_1 (M) is said to satisfy the flatness condition (**) 
if near each critical point of K , there exist a neighborhood and a constant Cq such that in 
that neighborhood 

|V p if| < ColVKl^ 2 for 2<p<n-2, 
where V P K is the p-th covariant derivative of K . 
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Under this condition all partial derivatives of K up to order n — 2 vanish at the critical 
points, which is consistent with the condition given in Theorem 11.51 A simple example of 
a function satisfying this condition is a function which can be expressed near the critical 
points as K{z) = a + frl^l™" 1 , where a, b are two constants and z is a local coordinate 
system centered at the critical point. 
Our theorem is: 

Theorem 1.8. Let (M n ,g) be a locally conformally flat compact manifold with R(g) > 0. 
Assume M is not conformally diffeomorphic to S n , and its dimension n > 4. Let K G 
C n_1 (M) be a positive function which satisfies the flatness condition (**). There exists a 
positive constant C such that ||w||c 3 (M) — C and minu > C _1 for any positive solution u 

of equation (TJ]) ; where C depends on M,g,( and \\K\\c«-i(M)- 

Note that because we assume K > in this theorem, there is no assumption on the energy 
of it, which was introduced in the scalar-flat case to overcome the difficulty caused by the 
sign changing of K. 

2. The Example and Some Notations 

Let (M n ,g) be a compact manifold with R(g) = and n = 3 or 4. (In fact in this 
example M does not need to be locally conformally flat.) We choose K G C 3 (M) satisfying 
the following conditions: 

• K > somewhere on M, 

• f M Kdv g < —C^l < and ||K|| C 3( M ) < Ck, where Ck is a positive constant, 

• the set {x G M : K{x) = 0} = U for some open set U C M. 
We define 

il J \ if#(a;)<0 

Since on 9£/ all derivatives of K up to order 3 are zero, it follows that K~i G C 3 (M). 
Furthermore, by this definition K~i G /C, where /C is as defined in Theorem 11.21 Then by 

n + 2 

Theorem 11.11 there exists U{ > which satisfies A g U{ + K~iU™~ 2 = 0. 

Now suppose there is a constant C independent of i such that max m < C. As proved in 

M 

Section 2 of [IB], this implies that {-Uj} is uniformly bounded away from and ||iii||c 3 (M) is 
bounded above uniformly. Then passing to a subsequence {uj} converges in the C 2 -norm 
to a function it > 0, and u satisfies A g u + Ku : ^ = where 

K(x) = hm^(x) = { ° K(x) ;|^<o 

However, because X is nowhere positive and somewhere negative, the equation A g u + 

Ku™^ = cannot have a positive solution by Theorem 11.11 This contradiction shows 
that estimates like the ones in Theorem 11.21 can not be true without the energy bound 
assumption on u. 

Next we prove Theorems 11.41 and 11.81 We will prove Theorem 11.41 in Sections [3] to [51 
and the proof of Theorem 11.81 will be given in Section [61 We first give some definitions 
and a lemma which will be used in both proofs. 
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Definition 2.1. We call a point x on a manifold M a blow-up point of a sequence {u{\ 
if x — lim Xi for some {x{\ C M and Ui(xi) — > oo. 

i— >oo 

Definition 2.2. Suppose Ui satisfies A 9i -Uj — c(n)R(gi)ui + Kiuf' = 0, where {gi} con- 
verges to some metric go. A point x E M is called an isolated blow-up point of {u{\ 
corresponding to {g{\ if there exist local maximum points Xi of Ui and a fixed radius ro > 
such that 

• U,i(Xi) -> oo, 

2 

• Ui(x) < C (d gi (x,Xi)) Pi- 1 for any x E B ro (xj), where the constant C is indepen- 
dent of i. 

Lemma 2.3. If x = lim x^ is an isolated blow-up point of {u^} corresponding to {gi}, and 

i— »oo 

Ki is uniformly bounded, then there exists a constant C independent of i and r such that 

max u,i(x) < C min Ui(x) 

8B r (xi) 8B r (xi) 

for any < r < r . 

This can be proved as in [18] in the proof of Lemma 5.2. 

Definition 2.4. x is called a simple blow-up point of {u^} if it is an isolated blow- 
up point and there exists f > independent of i such that Wi(r) has only one critical 

2 2 

point for r E (0,f). Here u)j(r) := r^-^u^r) = Vo\(S r ) J s \z\ p i- 1 u i (z)dT lg and z is the 
conformally flat coordinate system centered at each Xi . 

3. Initial Steps of the Proof of Theorem I1.4L 

The proof of Theorem 11.41 follows along the same line of reasoning as the proof of 
Theorem 11.21 which is done in [18J. As proved in Section 2 of |18j . a lower bound on u 
follows directly if there is a uniform upper bound on u. By the standard elliptic theory 
and Sobolev embedding theorem, a bound on the C7°-norm of u easily implies a bound 
on its C 3 -norm. Therefore, to prove Theorem 11.41 we only need to show that there is a 
uniform upper bound on u. 

By an argument identical to that in Section 3 of [18], we can show that there exists 
a positive constant rj = rj(M,g,n, \\K\\cn-2^), A), such that on the set K v := {x E M : 
K(x) < f]}, u has a uniform upper bound depending only on M,g,n, \\K\\cn-2(M), an d A. 
Thus it is left to show that u is uniformly bounded on the set where K > rj. We have the 
following proposition. 

Proposition 3.1. Given e > 0,R » 0, there exists C = C(e,R) such that if u is a 
solution of equation (0) and 

max ((d g (x, Kr))~u(x)^J > C, 

then there exists {x±, x^} C M \ Kr with N depending on u, and 

• Each Xi is a local maximum point of u and the geodesic balls {B r ^ fx,)} are 

disjoint. 
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— p\ < e and in the coordinate system y so chosen that z 
conformally flat coordinate system centered at x i; we have 



u(Xi) 



u(xi) 1 u 



V 



— ~ v(y) 



U[Xi) 2 

on the ball B 2 r(0) C H n (y), where 



< e 



C 2 (B 2 fl(0)) 



v(y) 



1+ K{x t\y\ 2 



n{n — 2) 

There exists C = C(e, R) such that 



n — 2 
2 



u{x) < C ( d g (x, Kr [j{xx, x N }) 



2 

-p-1 



This can be proved as in [TS] in the proof of Proposition 4.2, so we omit the details. 

Now we are going to prove that u is uniformly bounded on M\K V . Suppose it is not, 
then there are sequences {ui} and {pi} such that 

A a Ui + Ki£ z = and max U; — > oo as i — > oo. 

M\K V 



Therefore max ( \d g (x, K 



M\K V 



2 

Pi- 1 



uAx i 



oo as i — > oo. Then for fixed e > and 



i? >> we can apply Proposition 13.11 to each and find sci^, x^iVi such that 
(3) each (1 < j ; < N(i)) is a local maximum point of u%\ 



(4) 



the balls B r (xg) are disjoint; 

Pi- 1 



for coordinates y centered at x^j such that y is the conformally flat coordinate 

system, 



(5) 
and 



V 



1+ ^Ofyi) 



n(n — 2) 



n-2 
2 



< e; 



(6) < C ( d g (x, [J{^i,i, acjv(0,*}) 



2 

Pi" 1 



C 2 (B 2R (0)) 



for a constant C = C(e, R). 



Let <7j = min{<i 9 (x Q , j i, x^j) : a ^ /3, 1 < a, (3 < N(i)}. Without lost of generality we can 
assume a, = d g {xx^X2^)- There are two possibilities which could happen. 
Case I: cr, > e > 0. 

Then the points Xjj have isolated limiting points Xx,X2,---, which are isolated blow-up 
points of {ui} as defined above. 
Case II: at — > 0. 

Then we rescale the coordinates to make the minimal distance 1: let y = o~^ l z where z is 
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the conformally flat coordinate system centered at x\^. We also rescale the function by 
defining 

2 

v i{y) = v^Uifav)- 

Vi satisfies 

A^Vi + Kfay)*}? = 

where the metric g^\y) = g a p{piy)dy a dy ii . As proved in Section 4 of [18], is an isolated 
blow-up point of {%}. 

In Sections H] and we are going to prove that neither Case I nor Case II can happen. 

4. Ruling out Case I 

If the blow-up points are all isolated, then same argument as that in Section 6 of [18] 
shows that among the isolated blow-up points {x\, X2, ■■■}, there must be one which is not 
a simple blow-up point, without loss of generality we assume it to be x\. To simplify the 
notations we are going to rename it to be Xq. Let Xi be the local maximum point of it, 
such that lim Xi = x . 

Let z = (zi, z n ) be the conformally flat coordinates centered at each a^. Since xq is not 

2 

a simple blow-up point, as a function of \z\, \z\ p ^ 1 Ui(\z\) has a second critical point at 



2 

\z\ = Tj where r, — > 0. Let y = f- and define Vi(y) = r**~ Uifriy). Then Vi(y) satisfies 
(7) \mVi(y) + K i (y)v i (y) Pi = 

where g®(y) = g a p(r i y)dy Q dy 13 and K t (y) = K(ny). 

2 

By this definition \y\ = 1 is the second critical point of As shown in Section 

6 of [18J, is a simple blow-up point of {fj}. 

4.1. Estimates for i>j. The following estimates are essentially the same as Proposition 
5.3 in [T8], except for a slightly different choice of parameters, but for completeness we 
repeat the proof. 

Proposition 4.1. There exists a constant C independent of i such that 
• if < \y\ < 1, then 

71 — 2 

\ n[n — 2) 

•if < \y\ < ^prr, then 

o<(o)-V- 



n — 2 
2 



Vi(y) < Cvi(0) (l + -^*2L« i (0)«- 1 |y| a 
\ n{n — 2) 

*f Vi < \y\ < 1, then Vi(y) < Cvitpm- 1 * 

where k, U are so chosen that ^y-^ < lim k < n — 2, and t $ = 1 — 
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Proof: By Proposition l3.lt when < \y\ < j-=t, 

«i(o)~V- 

(i + 6K(o) ( 1 + ^^)^(°) W " 1 M 2 



n — 2 
2 



> ( 1 - e K(°)( 1 + ^^)^°)^ 1 H 2 

> (i-^K(o)(i + -^%^(o)^M 2N 

y n(n — 2) 

So we only need to find the upper and lower bounds on Vi(y) when < \y\ < 1. 

«i(o)-V- 

Firsi t/ie lower bound. 

Let Gj be the Green's function of A (i) which is singular at and Gj = on Since 
{g^} converges uniformly to the Euclidean metric, there exist constants C\ and G2 inde- 
pendent of i such that 

Ci\y\ 2 ~ n < Gi(y) < C 2 \y\ 2 ~ n . 

When \y\ = i?^(0)-^, 

v,M > d- £ ) "■ (0) 



n-2 

Vi(0) 



(l+ *ifflLjp 
V n(n— 2) 



n— 2 



n— 2 



= (i-e)(ir 2 + ^L) 2 ^-"^(0) 

\ n[n — 2) J 

> CR 2 - n Vi {0) 

> C^v i {0) Ss =^-* since ( " = ^ - 1} - 1 < 1 

= cvm-M 2 - n 

> Cv^oy'G^y) 

With this constant G, when \y\ = 1, Cvi{ti)~ x Gi{y) = < t?i(y). 
We know that 

A p(0 (%(y) - Cv^Giiy)) = A g (i)Vi(y) = -K^y^y)* < 

on Bi \ B Pi -i . Therefore, by the maximal principle, when — R t < \y\ < 1, 
Rvi(o) -V- ' • «i(o)-V- 

Vi(y) > Cvm^Giiy) 
> Cv^r l \y\ 2 ~ n - 

_ n-2 

Now we need to compare \y\ 2 ~ n Vi{Q)~ l with Vi(0) • ^1 + ^^^j ^i(0)"-^\y\ 2 j 2 in order 
to get the desired lower bound. 



(1 
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n-2 
2 



< C 

for a constant C independent of i. Therefore 



n-2 
2 



'■/(o)- 1 !!/! 2 — > c Vi (o) ( i + f <(0) ^ (o)^M 



and consequently 



n(n — 2) 



*i(0) , ft , « , |2 



n-2 
2 



^(y) > C^(0) ( 1 + n(n _ 2) ^(°)^b 



n-2 
2 



when ^-rr < \y\ < 1. 

Vi (o)-V- 

iVexi £/ie upper bound. 

We are going to apply the same strategy of constructing a comparison function and using 
the maximal principle. 

Define C^ip := A g (i)ip + i^vf ~V- By this definition dvi = 0. Let Mj = maxfj and = 

(■*- + e ) ( n(n-2) ) 2 ' Note that Cj is bounded above and below by constants independent 
of i. Consider the function 

M t \y\- n+2+h + C^tW 11 ■ 

When \y\ - 



^(o)-V- 



< (i + «) "• (0) 



n-2 



Ui(0) 



n(n— 2) 1 



n-2 

2 



f i + -^%i? 2 ) 

V n(n-2) y 

< a^(o)i?- ( "- 2) 

< (7^(0)^-'* 

= c iUi (o) ti i J /r ,i . 

When 1 2/| = 1, by the definition of Mi, ^(y) <M { = Mi\y\~ n+2+li . 
Thus on {|y| = 1} U {|y| = ifc^O)- 2 * 1 }, 

<M i |y|- n+2+,i + C i u i (0) ti | 2/ |- ,i . 

In the Euclidean coordinates, A|t/|" il = —li(n — 2 — /j)|?/|~' l ~ 2 and A\y\~ n+2+li = —kin — 
2 — li)\y\~ n+li . When i is sufficiently large, is close to the Euclidean metric. Therefore 
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(8) A g u\y\- k < ~k(n - 2 - k)\yr k ~ 2 
and 

(9) \ { M~ n+2+k < -\k{n - 2 - h)\yr +h . 
Thus 

= C iVi {Qfk g{{) \y\~ li + CM^KMyY^lyl^ 
< -ch(n - 2 - h)v t (0) U \y\~ h ~ 2 + C'v^v^yy^lyl^ 
for some constants C, C independent of i. 

p . _i 

Lemma [2.31 and the upper bound on Vi(y) when \y\ < /^(O) -- ^ imply that 

/ (1 + 6)^(0) 



n-2 

2 



+ ^y^(o)-- 1 (Rviio)-*?) 

< Cvi{0)R 2 - n . 

2 Pi— 1 

Then since is a simple blow-up point and r p i- i: Vi(r) is decreasing from Rvi(0) 2 to 1, 

< CR^ +2 ~ n . 

Thus again by Lemma 12.31 

(10) Viiy)"- 1 < CiJidyDw- 1 < Cli/I- 2 /? 2 -^ 2 ^-^, 



and hence 
Therefore 



(y)^- 1 ^!^ < C|y| -2-J ijR 2-(n-2)( Pj -l) _ 



A (a^(o)*%|^) 

< (-Ck(n -2-h) + c'^-Cn-^^-i)^ ^(o)**!^-' 



-i<-2 



By our choice of li(n — 2 — U) is always bounded below by some positive constant 
independent of i. When i is sufficiently large, 2 — (n— 2)(pj — 1) < 0, so we can choose f?big 
enough such that -Ck(n-2-k)+C' R 2 - (n - 2 ^-^ < 0, which implies £i(C i u i (0)* i |3/|- ,i ) < 
0. 

Similarly, 

Li (Mi\y\~ n+2+h ) = M,-A g iM' n+2+h + M^vf-'W^ 2 ^ 

< -\k{n - 2 - l^MW^ 1 ' + K i M i R 2 ~ (:n ~ 2 ') (Pi - 1 ) \y\~ n+k 
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by equations (jUJ) and ffTUj) . We can choose R large enough such that — ^(n — 2 — Zj) + 

K . R 2-(n-2)( m -l) < o and hence 

A(M;|</|- n+2 +^) <0. 

p£ — 1 

Therefore when i?fj(0) a - < |y| < 1, 

d {M % \y\' n+2+k + C lVl (ty U \y\~ k ) < 0. 
Then by the maximal principle 

Vi(y) < Mi\y\- n+2+l ' +C i v i (0) ti \y\-K 

By Lemma [231 and because is a simple blow-up point, for ^--r < 9 < 1, 

fi(o)-V- 

< ce^ (Mi9' n+2+k + c^(ofr Zi ) 

= CflS^+^Mi + C0*^ • C iVl {0) u 9- k 

for some constant C independent of i. 
Note that 

/ 2 ,\ n-2 , , n-2 2n-5 

lim - n + 2 + U = — + lim k > — + — - — > 

i-+oo — 1 J l i-»oo I I 

because n > 5. 

Since — ^r=r — > 0, we can choose small enough (fixed and independent of i) to absorb 
the first term on the right hand side of the above inequality into the left hand side to get 

Mi < 2C9^ ■ C t Vi(0) u 9- k < Cvi(0) u . 

Therefore 

vt(y) < M i |y|- n+a+I * + C i v i (0) t %|- J ' 
< Mi\y\- h + C iVi {0) u \y\- k 

□ 

4.2. A Preliminary Estimate for <5, := ^| — ft. First we prove a technical lemma. 
Lemma 4.2. W7ien a < 1 and < k < n — 2, 

\y\ K Vi (y) Pi+1 dy < C^O)"^* 2 ^* 

where C is independent of i. 
Proof: By Proposition 14.11 



/ {y^Viiyy^dy < C Vi (0) Pi+1 f \y\ K dy 

J\y\< — f-^r J\v\< — ^r=r 



, , (n+K)(p,--l) 

< Cvi(0)* +1 - » 

, . 2k r n — 2 + kc 
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Since n > 5, by our choice of k 



2n 

lim (n + k - Upi + 1)) = n + K lim k 

i^oo n — 2 i^oo 

2n 2n-5 

< n + k ■ 

n-2 2 

n(2n — 5) 

< n + (n - 2) - 

v ; n-2 

< 0. 



Therefore 



\y\ K v t (yr +1 dy < C \y\ K (v t (0Y'\y\- l f l+1 dy 

<\y\<°- J — %7=T<\y\<<r 



C7j t (0) p ' +1 ~ (n+K) ^" 1) (by the definition of U) 

, . 2k n-2+K r 



n — 2 1 2 



Thus 

lyrv^yf^dy < Cv^y^^ 5 *. 

\V\<° 

□ 

The next proposition is a preliminary estimate for Si := ^| — pj, we will also derive a 
refined estimate in a later part of this paper. 

Proposition 4.3. lim Vi(0) 5i = 1. 

i— >oo 

Proof: Since the original metric is locally conformally flat, locally it can be written as 
X(z)~dz 2 . Let Xiiy) = X^r^y), then g^(y) = Xi(y)~dy 2 . Let a < 1, the Pohozaev 
identity in [13] says that for a conformal Killing field X on B a , 

(11) ^2^/" x ( R *) dv 9>= [ Ti(X,ui)dEi 

where the notations are 



B a JdB, 



9i = vf 2 g^ = (X.v^dy 2 , 
Ri = R{ 9i ) = c(n)- l K lV - s \ 
dvg. = (XiVij^dy, 

Vi = {XiVi)~^a~ l yj ~^y~j 

is the unit outer normal vector on dB a with respect to gi, 

2(n-l) 

dEi = (XiVi) "- 2 dE a 

where dT, a is the surface element of the standard S" 1_1 (cr), 
Ti = Ric(gi) — n~ l R(gi)gi is the traceless Ricci tensor with respect to g i: 
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{n - 2)(\iVi)& ^Hess ((A^)~^) - ^A ((A^) ^) eft/ 1 



where Hess and A are taken with respect to the Euclidean metric dy 2 . 

We choose X = > yi -—. 

^ y dyi 

j=i J 

The left hand side is 



n-2 
2n 



X{R i )dVg. 



n 



X(K^)(A^) — 
^12/ XiK^xf^dy-^-^S, [ K lV fX{v t )\pdy 



By the divergence theorem it is equal to 



2(n-l) / L .,«Jfi. , 2(n-l) 5, / /" SX*,^ 



2)1 



n 4 ' " n Pi + 1 \ /g CT <9r 

2n 

+ / K % vf +l r^—dy+ K iV f +1 \-~ 2 div X dy) 
JB a or J Ba J 

2(n-l) 4 / +1 - fEtf^ 



K,<^Ar 2 X- I dYj a , 



n Pi + l } d B a ' \ ° 



which can be further written as 



2(n-l) / Si \ f . ,dKi „. +ll ^ 



2(n-l) $ /" lj^^+i^ 



2n 
n-2 



(i2) + ^^tt y s 

n Pi + 1 J Ba n pi + l J dBa 
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The right hand side of ffTTT) is 



Ti(X, Pi)dEi 



dB a 



{n - 2){\ i v, i )—> 



dB a 



r— , {KviY^a^r— 



n V / \ Or or 

(where < ■ , ■ > is the Euclidean metric) 

( "- 2, Li^ 1Hess ( (V>r ^) ( r l ir l) 



2(n-l) 



(7 / 2 

— A (A^,)~- 
n V 



2(n-l) 



(Ail;,-) "- 2 



(13) 



(n-2) / a 
2n \ 

+^ — 



-i 



, ,. d d 



(n - 2) 2 



• k d(XiVi) d(XiVi) 

y J y 



dy k dy- 



j 



—a ■ 



n(n — 2 



d 2 (X, i v i 



+ 



(<V) 2 (n-2) 2 



d(A^ 



Next we are going to study the decay rate of each term in ( 1121) and ( {TBI . 
On (9-Bo-, by Proposition 14.11 Vi < Ci>j(0)*% then by the elliptic regularity theory [5] 
IKIIc 2 (aB CT ) < Cfj(0)* 4 . Thus we know (ITBl decays in the rate of Vi(0) 2ti . 
The fourth term in ( fT2l) decays in the order of <5jUj(0)*^ Pi+1 ^ by Proposition 14. 11 By Lemma 
we know that the second term in (|12|) is bounded above by 

CSi f +1 dy < C^(0)-^ +2 ^. 



Bo 



Therefore the sum of the first and the third terms in (fl2l . which is 



n 



2 n- 1 



1 + 



St 



n 



\ v \^ll v Pi+^X^dv + 
Pt + lJ jj™ * * K dV+ 2(n-l)p i + l-J R 



X. C _2n_ 

n K t vr +1 Xr 2 dy 



is bounded above by Cvi{0) 2u + C<^(0)*' (Pl+1) + C<^(0)-^ + V 5 « 
By our choice of U and U, as % — > oo, 



= 1 - 



2 , , 2 2n-5 
1 lim h < 1 • < 0. 



n — 2 i-^oo 



n-2 



Thus C^(0) 2 *< + CSiViiOy^i+V < C^(O) 2 ** + C^(0)*^ i+1 ) < C^(0) 2i *. 
On the other hand 

rt; n / KiV? +1 \f*dy > C5 { [ vf +1 dy. 



Pi + 1 



Bo 



Bo 
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When \y\ < — v ._ t , by Proposition 14.11 

i>»(o)^- 



Vi{y) > (1-e) 



Vi(0) 



> fl-el 



> Cvi(Q), 



l + ^J^(0)«-i|y| 
fi(0) 



n — 2 
2 



n(n— 2) 



n-2 
2 



SO 



(14) 



vf +l dy > / vT +1 dy 
J\y\<^=r 

> C7^(0) ft+1 -5 (ft - 1} 
= C7t*(0)V* 

> c. 



This implies that the third term in (|12p is bounded below by C<^. 
Then by comparing the decay rates of the terms in (|12p and (Tl~3T) , 



2 | n-1 



2 , n-1 



Since t>j(0) n - 2+ 2 Si —>■ 0, the second term on the right hand side can be absorbed into 
the left hand side. Thus we conclude that 

(15) S> < C U(0) 2U + / ^\y\v? +1 \r 2 dy 



By LemmaSSl f B f%kf + X^~ 2 dy\ < Cvi(Q)-— + — d \ thus 



Si<c Uioy—^^ + Viio) 



21, 



This implies that 



Silnv^O) < C Vt (0)-^ + — d > + Vl (0)^ lnVi(O) - 



as i — > oo. Therefore lim fj(0) 5i = 1. Consequently, we have 



(16) 



5i<Ck(0)-^+%(0) 



2/, 



□ 
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4.3. A Preliminary Estimate for |Vi^j|. We will again study the Pohozaev identity 
(TTTj) . but with a different choice of the conformal Killing field X = t^-. 
Direct calculation, as that in the proof of Proposition I4.3[ shows that the right hand side 
of the identity is equal to 



(n 



9 , f ( 2 , d 2 (\ iVl ) 2n d(X iVi ) d(X lVl ] 



dB a 



.1 



a \ n — 2 dy 1 dyi (n — 2) 2 dy 1 dyi 



^ ^ \ n(n - 2) v 1 v (3^) 2 (ra - 2) 2 V ^ 

and decays in the rate of Vi(0) 2t \ 
The left hand side of this identity is 



2n J Ba Pi + l dy 1 



(17) -^c(n)- 1 ^-/ K*Ktf* V -dL r . 

2n pi + l J dBa a 



By Proposition 14.11 the last term in ( TTT1) is bounded above by 
since t$ < and fj(0) — > oo. 

Note that Aj(y) = X(riy), the second term in ( TTTj) is bounded above by 



CV* / Vi(y)* +1 dy, 
"Mj/|<<t 

which is further bounded by CSir i Vi(0) !1 ^ 2 ' Si < Cb^i by Lemma [4.21 and Proposition 14.31 
Therefore the first term in (fTTj) which is 

is bounded above by C(vi(0) 2u + ^(O) 2 ** + Spi) < C (5^ + Vi(0) 2U ). 
This shows that 



(18) 

By the Taylor expansion 



2n f) ic 



<C{5 i r l + v t {Q) 2U ) . 



dy 1 

-Qyi^v) = ^r(°) + v J W • f for some kl ^ \y\- 
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Note that Ki(y) = K(riy). By Lemma [4.21 and Proposition I4.3[ 



2n 

n-2 „,Pi + l 



xr 2 v 



dKi 
dy 1 



'sS)'V 



dy < Cri I v^ +1 \y\dy 



Thus we know 



dK, 



dy 



r(«) 



vf l+1 dy < C 



2n f)l{ 



l(0)dy 



< C (riVi{0)-£* + r iVi (0) 2U + ^(0) 2t « 



(by inequality (|T6j) ' 



Then by 
(19) 



dK 



dy 



f(o) 



2/, 



The same estimate holds for |^f(0)|, j = 2, ...,n as well, since we can also choose 
X = -A- in the above calculation. 

dy 3 



4.4. Location of the Blow-up. Choose a point y with \y\ = 1. It is proved in Section 6 
of [H] that converges in C 2 -norm to a function h on any compact subset of R n \ {0}, 

and h = \ + \\y\ 2 ~ n . 

Recall that we chose the coordinate systems z = (z 1 , z n ) and y = — to be centered 
at each Xj G M, thus ViQ(O) = r i V-ft'(x i ). Here we write Vif(xj) instead of ViC(O) to 
emphasize the fact that ViT is evaluated at different point Xi as i — > oo. We claim that 
this blow-up must occur at a critical point of K, i.e., 

Proposition 4.4. Vif(io) = hm Vif(xi) = 0. 

Proof: Suppose this is not true, then there exists some j G {1, . .., n}, such that||^(xj) | > e 
for a constant e independent of i. Without loss of generality we assume j — 1. Then from 

inequality (fl9l) we know that eri < C ^rjt^O) - ™^ + i>j(0) 2ti j . Therefore 

(20) n < c Vl (o) 2U 

2 

when ^(O) - " 3 ^ is sufficiently small. 

d 

Once more we look at the Pohozaev identity (fill with X = N y J '— — . We divide both 

t chid 



sides of it by vf(y) so it becomes 
n-2 1 /" 
2n v 2 (y) A, 



(21) 



2 , .Vi/.'Jr/r., -— - 



dyi 
Ti(X, Ui)dEi 
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1 



1 
i 

v f{y) 



dB a 



dB a 



dB a 



Ti(X, Ui)dEi 

(Ric(^j) - rT l R(g i )g l ) (X, v^)dY>i 



Ric ( (XiVi) n ~ 2 dy ® dy 



—n l R \ {XiVi) n ~ 2 dy ® dy) (A^)™- 2 dy £g> dy 

2 



(X, z/ )(A^i) 2 (iS (T 



(22) 



2 '-'l 



-rT L R 



Ric 



\ - 2 



A^j 



«t(y) 

<S> dy 



4 
n-2 



dy ® dy 



A,:u- 



dy (g) dy 



(A", z/ )d£ c 



5 



where uq = a 1 y^y^^r - * s the unit outer normal on dB a with respect to the Euclidean 

oyi 

metric dy ® dy. 

When % — > oo, for |y| = cr, Aj(y) = A(r^y) — > A(xo). Thus when z goes to oo, up to a 
constant (122]) converges to 



J h 2 ^ Ric (h™- 2 dy® dy) -n 1 i? (h™- 2 dy <g> dy) /i™- 2 dy <g> dyVx, z/ )dS (T 



h 2 -{n- 2)h^ 



dB a 



2 

n-2 



, 2(n-l) 

(23) = (n-2) ( j- 1 / /i^ 1 



dBa 



Hess (V^) (X, z/ ) - -A (ft 
Hess (V^) (X, X) - -A (/i 



< X, i/ > 
dS 



dS CT 



(7 



We know that 



h ™- 2 



2 

I \ 'i-2 

-(1 + |2/| 2 — ) 



2—*\y\ 



and by direct computation 



Hess 2^|yp 



2— 

n-2 



2 - ^\y\ n + o (\y\ 2 ^) , 

To Zi 



2~ 



\y\ n (X,X) - -A 2^|y| 2 -|y|" \ a 2 = -2^(n - l)a n . 



71 



n-2' 



Therefore 

Hess 
Also we know 



(V^) (X, X) - -A [hr^j a 2 = -2^(n - l)a n + O (a 2 ^) . 



2(n-l) 

h "- 2 



2(n-l) 

n-2 



Kj |-2(n-l) (l + (|yr 2 )). 
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Thus we can conclude that fl23|) is equal to 

-\{n - l)(n - 2)a- 1 / (M"^ + 0(|l/D) (M" + 0(M 2 ^)) a^dE, 

= - 1 -(n-l)(n-2) + 0(a n - 2 ) 

Therefore the limit of the right hand side of (12 ip is strictly less than when we choose a 
to be sufficiently small. 

On the other hand, the left hand side of (1211) is 



n-2 



2n 



-an) 



We write 



(24) 



'?(//) Jw 
1 



'f(.'/) Jij- 
The second term of (E 



vf(y) jb, 

In 

X{K^vf +1 \;- 2 dy 



XiKiV-^iKv^dy. 



TO) 



K^vfXiy^dy. 



Pi + lv Kv) jb 

Jk 1_ f 

Pi + lvfiy) J Ba _ 



KArXiv^dy 



div ( KiX.-'vf^X ) - KiX^vf^divX 



-2„,Pi + l 



■rr^(^)-^r +1 ^(r) 

Pi + lvf(y) 



dy 



2n 



dB a 



On dB„ 



My) 



+ * a L [ K t \rvr +1 (n + X(ln^) + -^-X(ln A,) j ,Uj 
— > /i(cr) and t>j — > uniformly, so 



v f{y) 



K^vf^d^ 



8B a 



dB a 



Vi(y) 



v?- l dZ a -> 0. 



Since X = rj^ and J^(ln.ffj)L |^(lnAj)| are uniformly bounded, we can choose a to be 
small (independent of i) to make n + X(\nKi) + ^^X(ln Aj) > 0. Thus when i — > oo, the 
limit of the second term of ( 1241) is greater than or equal to 0. 

Next we will show that the limit of the first term of (124")) is 0, or equivalently, 



(25) 



lim^(0) / X(Ki)v? +1 \l- 2 dy = 



since Vi(y) > Cwj(O) -1 by Proposition 14.11 This then will end the proof because it implies 
that the limit of the left hand side of (1211) is greater than or equal to 0, contradicting the 
sign of the right hand side. 
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Note that 
X(K t )(y) 



J2v 



dyi 

dKj 
dy j 







idKj 
dy j 



(s)y k for some |^| < \y\ 



3,k 



dy k dyi 



Therefore 

«?(0) 

< vm I y: 



2n 



Bo 



dK„ 



dy 



In 1 

\y\v? +1 \r 2 dy + vm / E 



< Cv?(p) ri l \y\vf +1 dy + Cvmri i \vM^dy 

< Cvf(0) ri ■ Vi(0)'^ + ^ Si + Cu?(0)r? ■ ^(0)"^+^ 



dyWy k 



2n 

\y\ 2 vf +l \r 2 dy 



(by Lemma [4. 21) 



< CV t (0) 2+2 * l ~^ + Cvi(0) 



2+4U 



(by Proposition 14.31 and Inequality ([20 



By the definition of U 



lim ti = lim ( 1 

i— >oo i^oo 



Thus 

(26) 
and 



(Pi - l)h 



2 , 2 2n - 5 3 - n 
1 lim k < 1 • = 

n — 2 j^oo n — 2 2 ri — 2 



lim 2 + 2ti 



4 



71-2 



< 2 + 2- 



3 — n 



n-2 n-2 



lim 2 + AU - 



< 2 + 4 



3 — n 



n — 2 J n — 2 n — 2 

Since these are all strict inequalities, we know that 

lim (Void)-- 2 ' ■'■ ■ (',;(())-■ 

and consequently 



4-2n 
n-2 



< 0. 



lim w 2 (0) 



2n 



0. 



□ 
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4.5. Refined Estimates for 5,; and |Vi£j|. Now because xq = lim critical 

i— >oo 

point of the function K, which satisfies the flatness condition (*), we have |V p X(a;j)| < 
Cq\V K(xi)\ «-3 P when 2 < p < n — 3. When p — 2, since g = \™^dz 2 , this implies 



V 2 K 



d d 



X.; 



d 2 K 



dz h ' dz h J dz h dz 1 ' 
where l\, / 2 , / = 1, 2, n. Therefore 
8 2 K 



< C\VK{xi) 



n — A 
n-3 



Q z hQ z h 



(X; 



< C\VK(xi)\ + C\VK(xi)\%=* <C\VK{x 



n — A 
n-3 



n — 2 — \a\ 



since |V-ftT(xj)| < 1 for sufficiently large i. That is, 7^(2^) < C\V K(xi)\ ™- 3 for 
lal = 2. Here we have used the notations that 



a = («i, ot2, G( n ) with each cti > 0, lal = a\ + a<i + ... + a n , 



and 



d a K 



d ai d a2 ...d a "K 



n — 2 — q 



dz a (dz 1 ) a i(dz 2 ) a2 ...(dz n ) a ™' 

n—2—p . _ . 

Generally, when 2 < p < q < n — 3, we have | Vi^(xEi) | ™- 3 < |VK(xj)| ™- 3 , so by similar 
computations we have 

d a K - 

<C\VK{xi)\-^=3- for 2<|a|<n-3. 



dz a 



Then since K t (y) = K(r iV ), |^(0)| = r^\^( Xi )\ and |V^(0)| = n\VK{ Xi )\. Thus 



(0) 



< r^C\VK{ Xl )\^ 

(|q|-l)(n-2) 

n-2-|a| 

< CnlV^ O -s=^ 



(27) 

where the last step comes from the fact that ^"^Ig"'" 2 ' 1 > 1 and r» < 1. With this flatness 
condition on /Q, we can refine the estimates for <5j and |Vi^| as follows. 
Inequality (jl~5l) gives 

5, < C7 L(0) 2 '* + 



C Vi (0)* + 



We write r^. — —4. For each j = 1, n, 



dyi 



(y) 



ay /(°) + E ^ + 5 E 8? a^OV + ' 



dK 



8? dK 



8? dK 



1 V ^ ^ g 1 v 

-AM 2^ a v Pr)vj [U)y + (n-X\\ ^ Bi,P di,i^ }V 



(n-4)! ^ dyP dy'J 

y ' |/3|=n-4 J y 



f3\=2 
1 

(n^3)! 



^ dK 



|/3|=rc-3 
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where |^| < \y\, and y 13 = y^y^ 2 • • • y^ n for (3 = (/3i,/3 2 , ...,/? n ). Therefore 



5r 



2ra 



< CI 



(0) 



n— 4 



|y|«f +1 dy+E 

l/3|=l 



(0) 



\y\^ +l vf +1 dy 



|/3[=n-3 



|yrV +1 dy|- 



By Lemma 14.21 and Proposition 14. 3[ the first term 



dK 



dy- 



|ykf +1 ^<C|V^(0)|^(0)-^ 



and the last term 



E 

\0\=n-3 



0? 8K; 



\y\ n - 2 vf +1 dy < Crr\(0)- 2 . 



Ba dy? dyi 
In addition, by (E71) . for any 1 < |/?| < n - 4 

5^ <9K 



(0) 



< Cr % [ \VKi(0)\ 



\v\ m+1 vT +1 dy 

n-2-(|ff|+l) ,-, 



Cr, / iv^i^^bi^-i^r 1 ^ 



-3 — | /3 1 n-3 



< Cri I ( |VKi(0)|^^'^M + \yf [ ^Y ) • |y|uf 



(by Young's Inequality) 
= <7r 4 (7 |VAi(0)|.|»|tf ffl dy+ / br^f +1 ^ 
< Cr, | V^(0) |^(0)-^ +C W (0)- 2 . 



Thus 



3K; 



2re 



< C|V^(0)|^(0)-^ + (cr,|V^(0)|^(0)-^ + Cr^(0)- 2 ) + Crr 2 ^(0)- 

(28) < C|VK,(0)|^(0)-^ + Cr^(0)- 2 . 

Plugging this back into (IT5|) we now have a refined estimate 

(29) 5, < C (^(0) 2t * + ^^(0)1^(0)"^ + r^(0)- 2 ' 
This will enable us to also refine the estimate for |V-£Q(0)|. 
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Inequality m gives | f Ba \r 2 vf l+1 ^dy\ < C fan + ^(0) 
Again we write 



2t, 



dK 



dy 



dK if . ^ dKi , . g 1 ^ dK if . fl 
8»rP» + E + 2! E aj? 8F (oV + 

y 101=1 y y |0|=2 y y 



Z4)T 2^ dyldyT( ) V + (n-3)! ^ 



71 



|0|=n-4 



|0|=n-3 



dy0 dy 1 WJ/ 



Therefore we have 



AT", 



dX 



ay 



f(0) 



< 



2n f) K 

\ < -QyT d y 

d p dK, 



n-4 



^E 

101=1 



9" ax, 



101=71-3 



<9y0 ^yl 



ay^ 3 dy 



r(«) 



|y|"V +1 dy 



n-4 „ 



+^ E 

|/3|=n-3 

By ( Tl~4l) this implies 



l/3|=l 
^ aX, 



a^ ax 

QyP dyl ^ ' 



\yf\ v f i+1 dy 



QyP Qy^ 



//" : vf ; '///. 



ax, 



a?/ 



r(o) 



< 



n-4 „ 
|0|=1 JB ° 



d? dK 



dyl 3 dy 



r(0) 



\y\ m vT +1 dy 



[01=71-3 



a^ ax 



a?/ 1 



By Lemma [4.21 Proposition 14. 3[ (1271) . and Young's Inequality, when 1 < |/?| < n 



df 3 dK 



r(o) 



|y|l««T +1 dy 



0y0 Qyl 
f n-2-(|/3| + l) . -, 

< Cn / |VX(0)| ~-a' l \y\Wv? i+1 dy 



Bo 



Cn I ^K^f^^vf^dy 



Bo 



< Cn / |VX(0)| 



Bo 



n— 3-|g| n-3 



0<(jf \VK l (0)\vT +1 dy + J b \y\ n - 3 v? i+1 dy^ 



2(n-3) 



< CTrilVX^I + Cr^^O)-— 
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Furthermore, 
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£ 

\P\=n-3 

Therefore 



d OK; 



in-3„,Pi+l 



vf^ dy < Cr 



n-2 
i 



m-3„,Pi+l, 



\y\" -vt-^dy < Cr™-\(0)-^ 



2(ra-3) 
2 



dy 



r(o) 



< C (Stn + Vi(0) 2ti ) + (Cr,|V^(0)| + Cr iVi (0) 



2(n-3) 



+ Crr 2 ^(0)' 



2(n-3) 



< CV* + C^(o)^ + Cn\VKi(p)\ + Cnvi(py 



2Q-3) 



The same estimate also holds for |^+(0)|, where j = 2, ...,n, so we know 



2(n-3) 



|V^(0)| < C^r, + ^(0)^ + ^^^(0)1 + ^(0)-" 

< C (^(0) 2t * + |V^(0)|^(0)~^ + r^(0)- 2 ) r, + C^(0) 2 '< 

( by m )■ 



+Cr i |V^ 



2(n-3) 

+ Cnvi(0) 



When i is large enough, all the terms involving |ViQ(0)| can be absorbed into the left 
hand side of this inequality, therefore we get a refined estimate 



|V^(0)| < Cr^(0) 2 ^ + C'r 2 Vi (0)- 2 + ^(0)^ + ^(0)"^ 



(30) 



2(ra-3) 



< CV^(0)- 2 + C^(0) 2 '* + Cr^(0)-— . 



Finally, we are going to prove that (1251) holds. As in the proof of Proposition I4.4[ this 
will give the desired contradiction by comparing the signs of both sides of (ED), which 
rules out case I. 
We know 

C _2 n _ 

v m / mmvr'xrdy 



Bo 



dr 



v? +1 \r 2 dy 



i-2 



( by d28D ) 

2(ra-3) ' 



< Cvf(0) (|v^(o)|^(o)-^ +r iVi (oy 

< Cv*(0) ( (r?«i(0)- 2 + ^(0) 2 *' + riVi(O)-™ ) Vi {Q)-^s + r^(0)- 2 
= C7(r 2 ^(0)-^+^(0) 2+2ti 

By (J26D we know lim ( 2 + 2t { - 



(by ([3D]) ) 



'n-a + 2r 
2 



n-2 



< 0, therefore lim Vi(0) 



2+2U- 



0. It follows 



from this and lim r 2 t>j(0) ™- 2 = lim r, = that 



lim % 2 (0) / |X(lT 4 )|«r +1 Ar a d» = 0. 



This completes the proof in case I. 
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5. Ruling Out Case II 

Now we consider Case II, which has been reduced to the following: there is a sequence 
of functions {fj}, each satisfies 

AgVVi + Kfay)*)* = 

where Oi — > and g®(y) = g a p{oiy)dy a dy^ '. The sequence {vi} has isolated blow-up 
point(s) {0, ...}. 

If is not a simple blow-up point, then we can do another rescaling and repeat the 
argument in the previous section, with replaced by r^ai, to get a contradiction. Therefore 
must be a simple blow-up point for {v{\. Then we can still repeat the argument in 
the previous section, with r, replaced by <7j. The only difference is in the expression of 

h = lim - — . As shown in Section 7 of [18], because here doesn't have a 

*— °° Vi(y) 

second critical point at \y\ = 1, we have a different expression of h: near 0, 

h(y) = c 1 \y\ 2 - n + A + 0(\y\) 

where A is a positive constant. This positive "mass" term A > guarantees that the limit 
of the boundary term of the Pohozaev identity (12 ip is negative, i.e., 

The other parts of the proof remain the same. Therefore Case II can also be ruled out. 
Thus we have finished the proof of Theorem 11.41 



6. Proof of Theorem 11.81 

In this section we will prove Theorem 11.81 There are many parallels between the proofs 
of Theorem 11.41 and Theorem 11.81 Therefore we are going to emphasize the differences 
between the two proofs and omit the details of some of the steps if they can be obtained 
using essentially the same argument as in Theorem 11.41 

By the standard elliptic theory, a bound on \\u\\ c z (m) can be easily obtained provided 
there is a uniform bound on ||w||c°(m)- Following from the Sobolev inequality and strong 
maximal principle, a uniform upper bound on u would also imply a uniform lower bound 
away from 0. Therefore the main issue is to establish a uniform upper bound on all positive 
solutions u; again we prove this by contradiction. 

Suppose this is not true, then there are sequences {iii} and {p^} such that 

AgUi — c(n)R(g)ui + Ku\ l = and max-Uj — > oo as % — » oo. 

By similar arguments as in the scalar-flat case, we can show that for fixed e > and 
R >> we can find ...,x/v(i),i on M for each function Ui such that 

(31) each Xj^ (1 < j < N(i)) is a local maximum point of 



(32) the balls B r are disjoint; 

Pi ~ 1 



26 YU YAN 

for coordinates y = (y 1 , ■ ■■,y n ) such that y p ._i are the conformally flat coordinates 

centered at Xj^, 



(33) 
and 



n-2 
2 



< q 



C 2 (B 2 fl(0)) 



2 



(34) Ui(x) < C (dg(x, {xi t i, XN(i),i})) Vl 1 for a constant C = C(e, R). 

Let (7j = min{(i 9 (a; ai j, x^j) : a 7^ (3, 1 < a, /3 < N(i)}. Without lost of generality we can 
assume o~i = d g (xi j i,X2 ! i). As before there are two possibilities. 
Case I: cr, > e > 0. 

Then the points Xji have isolated limiting points Pi,P 2 ,..., which are isolated blow-up 
points of {ui}. 
Case II: c>i — > 0. 

Then we rescale the coordinates to make the minimal distance 1: let y = o~^ 1 z where 
z = (z 1 , ■■■,z n ) are the conformally flat coordinates centered at x\^. We also rescale the 
function by defining 

2 

v i{y) = (T-^u^aiy). 

Vi satisfies 

Aj i) v i -c(n)R(g®)v i + Ktf i = 

where gW(y) = g a p{a t y)dy a dy^ R(g®)(y) = ^R(g)(a iy ) and K^y) = K(a, t y). 
We can prove as in Section 4 of [IE] that is an isolated blow-up point of {vi}. 

6.1. Ruling Out Case I. Now assume we are in Case I, i.e., all the blow-up points 
{Pi, P 2 , ...} are isolated blow-up points. 

6.1.1. Simple Blow-up. Next we need to study the behavior of the functions around simple 
blow-up points. If any of the points, say Pi, is a simple blow-up point, then let Xj be the 
local maximal point of Ui such that lim Xi = Pi. Let z be the conformally flat coordinates 

centered at each X{. The next proposition is analogous to Proposition 14.11 

Proposition 6.1. There exist a constant C independent of i and a radius T\<r (where 
f is defined as in Definition 2.4}) such that 

• if < \z\ < ri, then 

n — 2 

Ui(z) > CUi(Xi) (l + K<K%1 \ Ui(Xi)^\z\ 2 

\ n{n — 2) 
•if < 1*1 < then 

Ui{Xi) 2 

n-2 

Ui (z) < Cu t (x t ) (l + -^L. Ul { Xi r- l \z - 

• */ R v x -i — \ z \ — r i) then Ui(z) < Cui(xi) u \z\~ li 

Ui(Xi) 2 

where k, U are so chosen that ( 2n ~iX"~ 2 ) < lrm h < n — 2, and U = 1 — ^ Pl ~ 1 '"' 



n — 2 
2 
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Note that here lim U is slightly different from that in Proposition I4.1( this modification 

is made to accommodate some adjustments (in a later part of the proof) that are related 
to R(g) > 0. However, the proof of this proposition is essentially the same as that of 
Proposition 14.11 Therefore, in the proof below we will only point out the major steps and 
the few differences between the two proofs. We refer the readers to the proof of Proposition 
14.11 for the details. 

Proof: By ([33D when < \z\ < \=r, 

Ui(Xi) 2 

(1 - e)ui(xi) ( 1 + ^ Xt \ Ui(xi)^\z\ 
\ n{n — 2) 

< Ui(z) 

n — 2 

< (1 + e) Ui { Xi ) (l + f^. ^x^-V' 2 

\ n[n — 2) 

So we only need to find the upper and lower bounds on U{(z) when R Pi -i < I z I < r i- 

The lower bound: 

Let Gi be the Green's function of A g — c(n)R(g) which is singular at and Gi = on 
dB ri (xi). (Here the operator is different from the Laplacian operator which is used in 
the proof of Proposition 14.11) . By Lemma 9.2 in [9], there exist constants C\ and C2 
independent of i such that 

Ci\z\ 2 - n < Gi{z) < C 2 \z\ 2 ' n . 

p — 1 

There exists a constant C independent of i, such that when \z\ = Ru i (x i )~~ ! ^~ and \z\ = ri, 

Cui(xiy l Gi(z) < Ui(z). 

Since 

A gUi - c{n)R(g)Ui = -Kuf +1 < 

and 

A g Gi - c(n)R(g)Gi = 0, 
we conclude by the maximal principle that 

i Pi ~ 1 

> Cui[Xi) Gi(z) when Rui{xi) 2~ < \z\ < r\. 
Finally because Gi(z) > Ci|z| 2_n and 

for some constant C, we know 

ra-2 

Ui(z) > Cui(xi) ( 1 + f Z * ^-(ari)^^ 
\ n(n — 2) 

when < kl < ri. 

Ui(Xi) 2 

T/ie upper bound: 

Define := A g y) — c(n)R(g)ip + Kuf" 1 ^. (The linear term is not in the Li in the 
proof of Proposition 14.11) . By this definition CiUi = 0. Let Mj = max«j and Cj = 

8B ri 
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n — z 

(1 + e) ( \ 2 • Note that Cj is bounded above and below by constants independent 
of i. Consider the function 

M .\ z \-n+2+k + C i U i (x i ) ti \z\- k . 

On {\z\ = n} U {\z\ = Ruiixi)-^}, 

Ui{z) < Mi\z\- n+Wi + C lU ^) U \A~ k - 

In the Euclidean metric, A|z|~'» = —li(n — 2 — k)\z\~ li ~ 2 and A\z\~ n+2+li = —k(n — 2 — 
li)\z\~ n+li . Although here the metric g may not be Euclidean, from the local coordinates 
expression of A g it is easy to see that when r\ is small enough, we can find a constant C 
such that when \z\ < n, 



and 

This implies 



&g\A~ k < -Ck{n - 2 - li)\z\~ l >- 2 



A g \z\- n+2+h < -Ckin - 2 - k)\z\- n+h 



Ci{CjUj / {xif t \z\ ll ) 
= duiixi)** {A g \z\~ li - c(n)R(g)\z\~ li + Ku^zf^M' 1 ') 

< CiUi(xi) u (A g \z\- h + Kui(z) p ^ l \z\- h ) (since R(g) > 0) 

< -CUn - 2 - QuAxA^z]- 1 *- 2 + C'u i (x i ) ti u i (zY i - x \z\~ k 



< 



when i? is large enough, where the last inequality uses Lemma 12. 3[ the simple blow-up 
property of {ui}, and the fact that li(n — 2 — li) is always bounded below by some positive 
constant independent of i. 
Similarly, we can prove 

A(M^|- n+2+/ ') < 0. 



p ■ — 1 

Therefore when Rui{xi)^~ L ^~ < \z\ <r% 



d (MiM'"* 2 * 1 * +C i u i (x i ) ti \z\- li ) < 0, 
and thus by the maximal principle 

Ui(z) < M t \z\~ n+2+h +C t u t (xif\z\- h . 
By Lemma [2.31 and the simple blow-up property of for R Pi -i < < r i ; 

Ui(xi)~ T~ 

< C9^ (Mi9- n+2+li + CiUiixiY^) 

= ce^ n+2+k M t + ce^ 1 ■ c l u l (x l ) h e- h 

for some constant C independent of i. 
Because 

(2 ,\ n-2 , n-2 (2n-l)(n-2) 

lim -n + 2 + lA = — + lim k > — + ^ '- > 

i^oo yp { — l / 2 i-+oo 2 In 
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and R Pi -i 0, we can choose 6 small enough (fixed and independent of i) to absorb 

Ui(xi) 2 

the first term on the right hand side of the above inequality into the left hand side to get 
Mi < Cui(xi) u . Therefore 

Ui(z) < MAz\- n+2+l ^CiuAxmz\- li 



< MAz\- k + CiuAxiTU 



< cuiixiY'izr 1 ' 



□ 

The following technical lemma is parallel to Lemma 14.21 Note that because of the 
modification of lim /j we are able to have the estimate up to k = n — 1. 

i— >oo 

Lemma 6.2. When o < r\ and < K < n — 1, 

\z\ K Ui(z) Pi+1 dz < Cu ^ (a; i )"^ +Ii ^ ,5 ^ 

z\<(7 

where C is independent of i and r\ is defined as in Proposition ^. 11 
Proof: By Proposition 16.11 

\z\ K Ui{z)^ +1 dz < Cuiix,)^ 1 [ \z\ K dz 
z\< Vr J \*\< 

u i( x i) 2 u ii x i) 1 

2k i n — 2+k r 

= C Ui (x t y— + — 5 \ 

By our choice of k 

In 

lim (n + k — lApi + 1)) = n + k lim k 

i^oo v n — 2 i-^oo 

2n (2n-l)(n-2) 

< n + K - - 

n-2 2n 

< n + (n- 1) - (2n- 1) 
= 0. 



Therefore 



/_ 



\z\ K Ul (z) p * +1 dz < C \z\ K (uiix^lzl- 1 ^ 1 dz 

%=r<M<» J ^T=r<\z\<* 



< (7u i (x i )*^+ 1 )-V("+*-^+ 1 )) 

. I {n-\-n) (pj — 1) 

= Cui(xi) Pl+ 2 (by the definition of U 



2k I 71 — 2 

= CUi(Xi) ""2 + 2 

Thus 

|z|"u i (z) w+1 tfe < Cu^)-^— 

\z\<* 



S=2 1 2— 5i 



□ 
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Let Si := ^| — Pi. Since the background metric g is locally conformally flat, we can 

write it locally as X(z) "^dz 2 . Let a < r\. As in the scalar-flat case, we need to use the 
Pohozaev identity: for a conformal Killing field X on B a (xi), 

(35) / X ( R ^ dv 3*= [ Ti(X,Vi)dVi 



where 



gi = u" 2 g = (\ui)n-2dz 2 , 
Ri = R{ 9i ) = c{nY l Kuf\ 

dVg,. = {XUi)^-2dz, 

j 



Va 



is the unit outer normal vector on dB a with respect to 

2(n-l) 

dUi = (Xui) n - 2 dUfj 

where dT, a is the surface element of the standard S" 1_1 (cr), 
Tj = Ric(g'j) — n~ l R(gi)gi is the traceless Ricci tensor with respect to gi. 

Ti can also be expressed as 



in — 



2)(A<)^ ^Hess ((Au;)~^) - ((Aui)~^) dz 2 



where Hess and A are taken with respect to the Euclidean metric dz 2 . 

n d 

Now we choose X = \ z? -—. By an argument which is almost identical to that in 

z — ' oz 1 

3=1 

the proof of Proposition 14.31 we know 



1 + — — / z — < A^dz + — — —n / M t+1 A^e/z 



2(n-l)V Pi + lJ J Ba dr 1 2(n - 1)^ + 1 7 B , 



Since 



?/f +1 dz > / uf +1 dz 
J\*\< Vr 



n— 2 r 



> Cu i (a; < ) ,H+1 ~* (pi - 1) (by Proposition EI 

= Cui{x. 

(36) > C, 

as before we can argue that 



& < C 



dr 



\z\vP; X*=*dz 



+ Cui(xi) 2t * + CSiUiix^to+i) + C^^(x 4 )-— 
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Then because 

. , 2 , 2 (2n-l)(n-2) 1-n 

37 lim*, = 1 -lim/, < 1 --^ ^ = < 0, 

i^oo n — 2 «^oo n — 2 2rz n 

the last two terms on the right hand side can be absorbed into the left hand side, so we 
have 



(38) 



Si<C 



By Lemma [6.21 this implies 
(39) 



Bo 



dK 
dr 



z\uf +1 X(z)^dz 



+ uAXi 



\2ii 



lim Ui{xi) 



which is parallel to Proposition 14. 3t and we also have a preliminary estimate for df. 



(40) 



Si < C [Ui(Xi) 2ti +Ui(Xi) »-a 



Now suppose the blow-up points {Pi, P%, ...} are all simple blow-up points. Choose a 
point P e dBtx(Pi), by Proposition 16.11 we know Ui(P) — » as % — > oo. Let Q be any 
compact subset of M \ {Pi, P2, ...} containing P. By Definition I2.2[ ui is bounded above 
on Q by some constant C independent of i (although it may depend on Q), thus on Q we 
have the standard Harnack inequality. Therefore 



Ui 

max — ; — r 
n Ui {P) 



< C mm 

n Ui {P) 



< C 



Uj{P) 
Ui(P) 



C. 



Since Ui satisfies (CE]), 



A, 



a-, 



Ui(P) 



c{n)R{g) 



U; 



Ui(P) 



Ui{py*- l K 



U; 



Ui(P) 



0. 



converges in C 2 -norm on Q to some function 
on (I. Because Q is arbitrary, G satisfies 



Then by the standard elliptic theory, - , p] 
G > which satisfies A g G — c(n)R(g)G = 
A g G — c(n)R(g)G = on M \ {Pi, P 2 , ...}. Since R(g) > 0, G must be singular at one 
or more of the points {Pi, P%, ■••}■ Suppose it is singular at Pi,...,P^, it follows that G 
is a linear combination of the positive fundamental solutions G 7 with poles at P 7 for 

k 

7 = 1, k, i.e., there exist positive constants ai, au such that G = a 7 G 7 . 

7=1 

This is precisely the key difference between the scalar-flat and the scalar-positive cases. 
Recall that when R(g) = 0, we used a removable singularity theorem for harmonic functions 
to prove that the isolated blow-up points cannot all be simple (Section 6 of [IB]j- Here 
because R{g) > 0, we will need to do more work to show that. 

Next we apply the Pohozaev identity fl35l) to X = J^. As in the scalar-flat case, direct 
computation shows that the boundary term is equal to 
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(n-2) 

E 



cr 



E- 

2 



2 , a 2 (A^) 

:(AMi)TTT7r— + 



2n d(Xui) d(\ui 

n _ 2 V'-V Q z l dz j 1 ( n _2) 2 a? 1 dz^ 



-(Xu 



d 2 (X Ui 



n(n-2) K 17 (dzi) 2 (n-2) 2 \ dzi 



d(Xui 



and it decays in the rate of Ui(xi) 2ti . 
The interior term 



n-2 
2n 



B c 



_d_ 

ai 1 



(Rijdv 



n-2 



2n 

n-2 



-cm 



4 A^u? ,+1 — cfe 



Pi + 1 



+- c(n) 1 , 

2n 7 fl(T Pi + l 



Sz 1 



n-2 j 5, 
-c(rr 



2n 



Pi + 1 «/ QB a ' V 



By Proposition 16.11 Lemma 16.21 and ( 1391) , the second term is bounded by 

and the last term is bounded by 

C<S i w i (x i ) ti(w+1) < CSMxi)**. 

Thus we have a bound on the first term: 
n-2 



2n 



-an 



,-i 



/ (l + ^-]x^uf +l ^dz < C (u i (x i y t * + 5 i u i (xi) 2ti + 

J B a V Pi + 1 / °^ 



This shows that 
(41) 

By the Taylor expansion, 



B a 



X ^ u Pi+1 —dz 
1 dz 1 



< C ( Ul (x,) 2u + 5 t ) . 



dz 1 dz l 
By Lemma O and fl32), 



dz 1 



for some k| < \z\. 



X n ~ 2 u 



Pi+i 



dz < C uf +l \z\dz 

JB a 

< Cui(xi)-^. 
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Together with fl36l) and (j4ip . this shows that 



OK 



dz 1 



X; 



dK 



dz 



r(°) 



< G ( u,(x 4 ) "-2 + Ui(xi) 2U 



by (1401). 



The same estimate holds for Iffjt^i) , j = 2,...,n as well, so we know \VK(Pi)\ = 
lim | Vi^(xj) | = 0. That is, the blow-up point Pi is a critical point of K. 

d 

In the next step we once again study the Pohozaev identity with X = > z^ ——. We 

3 

divide both sides of it by «f(P), so it becomes 



(42) 



n-2 1 



2n wf(P) J Ba{Xi) 
The right hand side (boundary term) is 



X(R t )dv gi = 



Ti(X, Vi)dEi. 



1 



u i(P) JdB a {x t ) 
1 



uKP) 



dB a (xi) 



Ti(X, Ui)dEi 
Ric ( (Atti)™- 5 dz ® 



-n X P ((Xui) n ~ 2 dz ® dzj (Aiij) "~ 2 ds <g> 



(X, v )(\ui) 2 dE a 



Ait, 

96,^) \ u i{P) 



Ric 



Aw,- \ n - 2 



<P) 



dz <X> dz 



where u = a^ 1 z ^ ~Q~1 * s ^ e un ^ ou ^ er norma l on dB (T {x i ) with respect to the Euclidean 

j 

metric dz ® dz. 

Recall that on B a (Pi) \ {Pi}, ^-^y — > G as z — > oo, so the boundary term converges to 

J (AG) 2 Ric ((AG)^dz 2 ) -n- l R{{\G)^dz 2 ^ {\G)^dz 2 ^J(X 1 is )dE (7 , 
which can be expressed as 
(43) 



dz ® dz I I — I dz ® dz 



MP) 



u 



{P) 



(X,u )dE a 



1 / 2(n-l) 

{n-2)a- 1 / (AG)^ 



Hess ((AG) - ^) (X,X) - -A ((AG)~^) a 2 



dE„. 



Since A g G - c(n)R(g)G = on P CT (Pi) \ {Pi}, we know G^# = (AG)^dz 2 has zero 
scalar curvature. This implies that AG is a positive Euclidean harmonic function on 
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B a (0) \ {0} which is singular at 0. Therefore AG has the expression 

(XG)(z) = ai \z\ 2 - n + A + h{z) 

where h(z) is a harmonic function with h(0) = 0. Furthermore, the fundamental solution 
Gi satisfies 

(XG 1 )(z) = \z\ 2 - n + E(P 1 )+0(\z\). 

Here E(Pi) is the energy at Pi, and by the Positive Mass Theorem [13] E(Pi) > since 
(M,g) is not conformally equivalent to S n . Then because G > aiG\, we know that 
A > a 1 E(P 1 ) > 0. 
Next we calculate 



2 

-2 



(AG)-— = ( ai \z\ 2 - n + A + 0(\z\)) 

n 

-Aa x n ~ 2 \z\ n + 0(\z\ 2n - 2 ) . 



a-, \z 



2 O 
~l~|2 Z 



n-2 



Since 

Hess n ~ 2 \z\ 2 - ^"^i "~ 2 M"J = 2% n ~ 2 \z\ 2 - ^- — ^-Aa 1 ™~ 2 \z\ n , 

we have 

Hess ((AG)~^) = 2a^|^| 2 - ^_^Aa~^|^| n + 0(|^| 2n - 2 ); 

and because 



A a, "" 2 \zV Aa, n ~ 2 \z\ n ) = 2na, n ~ 2 - — -Aa, n ~ 2 \z 

V n-2 J n-2 1 1 

we have 

-A ( (XG)-^-A a 2 = 2a^ 2 a 2 - ^ ~ 2) Aa~^ \z\ n ~ V + 0(H 2 ""V- 
n V / n — 2 

Therefore on dB a (P 1 ), 

Hess ((AG)~^) (X, X) - ^A ((AG)~^) a 2 = -2(n - l)Aa^a n + O (a 2n ' 2 ) 
We also know 



2(n— 1) 2(n — 1) 

(AG)^r = (a 1 \z\ 2 - n + A + 0(\z\))~ !r *~ 

= ar^\z\- 2 ^ ( 1 + ^—^--\z\ n - 2 + 0(\z\ 2n - 2 * 
\ n-2 di 
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Thus (03]) is equal to 

(n - 2)a~ 1 ■ a^a- 2 ^ ( 1 + 2 J^A^2 
y ' 1 V n-2 oi 

+0(a 2n - 2 )^j ■ (-2(n - l)Aa~^a n + 0(a 2n - 2 )} a n ~ l 

= -2{n- l)(n-2)Aa l + 0(a n ' 2 ) 
< 

when cr is sufficiently small, since A > and a± > 0. 

On the other hand, the left hand side (interior term) of (142]) is 

"^ 2 - c H^ 1 ^7m / x(Ku; Si )(x Ui )^dz. 



2n K ' u 2 {P) 



B a {xi) 



Using the divergence theorem we can write 



1 



X(Ku7 d *)(\ Ui ) — dz 



uKP) 

' ! X(K)u? +1 \^dz-^-^- [ Ku? +1 X^dX 
[ Kur 1 ^ (n + X(lnK) + ^-X(\nX))dz. 



Si 

+ — - 

Pi + 

The second term 



di<? 1 f T . , ,„ Sid f T ^ ( Ui 



Pi + lu 2 (P) J aBaixi) ■ ' T Pi + 1 J dBa{xi) \Ui(P) 

- o, 

since - j t%v — > G and — > uniformly on B 2(T {Pi) \ Bs.(P\). 



2 



Kuf +x X^d^ = I K [ -4^ ) u^X^dE 



U<(P) 

Since X = rj^ and J^(lnir), J^(lnA) are uniformly bounded, we can choose cr small 



(independent of i) to make n + X(ln K) + -^X(ln A) > 0. Thus the limit of the last term 
is greater than or equal to 0. 

We claim that the first term j B ^ ,j X(K)v% %+ X^^dz — > 0. It follows from Proposi- 
tion [6]T] that Ui(P) > Ctt^a^) -1 , thus to prove this limit it suffices to show that 

(44) \im u 2 ( Xi ) [ X(K)uf +1 X^dz = 0. 

n dK 

We write X(K) = r^- = z J ' — - . Since the coordinates are centered at x«, for each 

i=i 

j = 1, ...,n, 

aiT, , dK . . v-^ a^ aiT, , fl 1 d? dK. , fl 

l/3|=l |/3|=2 

+ (n - 3)! f-^ dz? dzi {Xl)Z + (n - 2)! dz? dzi 

v ' \p\=n-3 v y |/3|=n-2 
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where Id < \z\. Therefore 



B a 



dK 



Or 



uf +l \^dz 



< C\ 



dK 



(Xi) 



n— 3 „ 

zi< ,+i <fa + y, J 



+ E 

\P\=n-2 

By Lemma El and (|39|), 



and 



dzi 



l/3|=l 
2 |n-l M ft+l d; 



^ ax 

dz@ dzi 



Xi 



z\W +l u? +1 dz 



dK 



[ X j 



z\uf +1 dz < C\VK(xi)\ui{xi)'^ 



E 

|/3|=n-2 



dK 



B„ 



dz 13 dzi 



\z\ n ~ l uf +1 dz < Cuiixi)- 2 -^ 1 



In addition, because K satisfies the flatness condition (**), as in the scalar-flat case we 
can show that 



d a K 



Xi 



n — 1 — I a I 

< C\VK( Xi )\-^=^ 



dz« ^ 

when 2 < \a\ < n — 2. Thus for any 1 < \(3\ < n — 3 



d 13 dK 



dz 13 dzi 



?( x i) 



\z\W +1 u? +1 dz 



< C / \VK{x i ) f=^^ \z\^ 1 uf +1 dz 
= c[ \VK(x i )\ ]lz ^ 31 \z\W ■ \z\uf +1 dz 



2-|/3| n-2 



< C / l\VK(x-„ 

JB a V 

(by Young's Inequality) 



2^w\ + \zf v 7K ) ■ \z\uf^dz 



,Pi+ 1 , 



c( f \VK{ Xi )\ ■ \z\uf +l dz+ [ 

\JB a JE 



\z\ n ~ l u p i l+l dz 



B a 

2(n-l) 



< C\VK(xi)\ui(xi) —> +Cu i (x i )-^=^. 



dK 



dr 



uf +1 \^dz < C\VK{x i )\u i {x i )~^ + Cui(xi)~^ 



Thus 

(45) 

Plugging this back into (13"5j) we now have a refined estimate for Si 
(46) 



2(n-l) 



2(n-l) 



Si < C [ui(xi) Ui + \ VK(xi)\ui(xi) "-2 + Ui(xi) 
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To prove (Jilj) we still need to refine the estimate for \VK(xi) 
In (HU) we have 



1 dzi 



< C ( Ui ( Xi ) 2u + 6 t ) . 



Again we write out the Taylor expansion 



dK 



dK 

dz 1 



& OK. - g 1 



101=1 



dz$ dz 



8? dK 
2! ^ dz? dz 1 ' 

'01=2 



d 13 dK. . fl 
2^ — — (xi)z? + 



(n-3)! ^ a^a^ 1 

v ' |/3|=n-3 



a" ax 



(n-2)! ^ dz^dz 1 

v ' |/3|= n -2 



E 



Therefore we have 



A™- 2 it: 



< 



, _2"_ r, 4-1 



dz 1 [Xl 
dz 



dz 



B a 



dz 1 



n—3 



+ C E 



101=1 



d? dK 



dz 13 dz 1 



[Xi 



c E 



=n-2 



^ dK ^ 

dz 13 dz 1 

n—3 



< C {u^x^ + 5 t )+Cj2 / 

1/31 i Bit 



+c E 



|0|=n-2 



101=1 

dz^dz 1 ^' 



dz 13 dz 1 



z| n ~V i+1 ^. 



By (1361) this implies 



d7 



n—3 „ 

< C ( Ul (x t ) 2u + 5i) / 

,„, , Jb 



+c E 

|0|=n-2 



101=1 

d 13 dK 



df 3 dK 
dz 13 dz 1 



Xi 



\z\^uf +1 dz 



dz 13 dz 1 



z\ n - 2 U v i+1 dz. 
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By Lemma [6721 fl39|) . condition (**), and Young's Inequality, when 1 < \(3\ < n — 3, 



dK 

dz^dz 1 ^ 



z\^u p ^ l dz 



< C f \VK( Xi 



= C / \VK{ Xi ) 
< C I (\VK{x 

JB a V 



n-l-(|,a| + l) ,-, 

„_ 2 \ z \ m u p r dz 



-2-|/3| n-2 



(| „_ 2 „-2-|/3| _|_ Uld^l n-2)'"/3| 2 ) \ z\~^ U P ; i + l dz 



c 



[ \VK(xi)\\z\^u Pi+1 dz + [ 

JB a JB a 



< C|VJC(xi)K(xi) c™- 5 ) 7 + Cui(xi)~ 



\ n - 2 -m+^ u Pi+1 dz 



2/1 1 



n-2V.pl n-2, 



where the last step holds because 
Furthermore, 



i i 



< 



n— 3 



\P\ n-2 — n-2' 



|0|=n-2 

Therefore 

ail", 



dz l 



z\ n ~ 2 uf +1 dz < C I \z\ n -' z u p ' +1 dz < Cu t (xi) 



|n-2„,Pi+l 



dz 1 



< C (uiixi) 2 ** + St) + (c|Vtf(^)k(^) T^W + C Ui (x t )~ 2+ ^- 

< CSi + C Ui (xi) 2u + C\VK(x i )\ui(x i )~&=& + C Ui (xi)- 2+ ^^ . 
The same estimate also holds for , where j = 2, n, so we know 



+ CuAxa) 



\VK{ Xi )\ < CSi + Ciiiixi) 21 * + C\VK{x,^\u i {x i ) + C^)~ 2+ ^^ 



2(n-l) 



< C (uiixi)^ + \VK(xi)\ui(xi) - 2 +u l (x i ) ^ 
+C Ui (xi) 2U + C\VK(x i )\u i (x i )~'&=& + Cui(xi) 



-2+t 



( by m )• 



When i is large enough, all the terms involving |Vi^(xj)| can be absorbed into the left 
hand side of this inequality, therefore we get a refined estimate 



(47) \VK(xi)\ < Cu t (x t ) 2u + Cu^Xi)-^ + Cu^y 2 ^^ . 

Finally, we are going to prove 
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\X{K)\uf +1 X^dz 



dK 

r 



„ i -i 2n 

u^X—^dz 



dr 

n / 2 2(n-l) \ . . 

< Culixi) (\VK{ Xi )\u t {x^-— + Ui (xi)- «-a ) ( by gSD ) 



9 / / 9+ 2(n-l) n 2 n — 3 \ 2 2(n— 1) 

< Cui(Xi)\ [UiiXiY 1 * + UiiXi) n-2 +Ui( Xi ) A+ n-Z^)Ui(Xi) n-2 + Ui ( Xi ) n-2 

(bygTD) 

= C (ui(xi) 2+2k ~^ + Ui(Xi)-^ + UiiXiY^) 1 + Ui {xi)-^J . 

By (l37j) we know 

/ 2 \ 2(1 -n) 2 2 2 
lim 2 + 2U = 2 + ^ 1 = < 0, 

«^oo y n — 1 J n n — 2 n n — 2 

2 



therefore lim Ui(xi) 2+2ti ™- 2 = 0. Then since 



4 



lim Ui(xi) "- 2 = lim Ui(xi) (™- 2 ) 2 = lim u,i{x,j) ™- 2 = 0, 

i— >oo i— >oo t— »oo 

we have 

limw^) / \X{K)\uf +1 \^dz = 0. 



This proves fpT4|) . It follows that the limit of the interior term of (H2l as i goes to infinity 
is greater than or equal to 0. But this is a contradiction because we have shown that 
the limit of the boundary term is strictly negative. Therefore, at least one of the isolated 
blow-up points must be non-simple. 

6.1.2. Isolated but Non-simple Blow-up. Without loss of generality we assume P x is not a 

2 

simple blow-up point. Then as a function of \z\, \z\ p i- i: Ui(\z\) has a second critical point at 

2 

\z\ = Ti where r» — > 0. Let y — — and define i>i(t/) = rp~ Ui{riy). Then t>i(?/) satisfies 

(48) AgWi - c(n)R(g^)v t + K iV f = 

where g^(y) = g a/3 (r i y)dy a dy p , R(g®)(y) = r}R(g)(riy) and K^y) = K{r(y). 

2 

By this definition \y\ = 1 is the second critical point of \y\ p * -1 Vf(|y|). Just as in the 
scalar-flat case, it can be shown that is a simple blow-up point for {vi}. 

By some calculations which are very similar to the proof of Proposition I6.1[ we can prove 
the following estimates: there exist a constant C independent of % and a radius f < 1 such 
that 

• if < \y\ < f, then 

(71-2 
n[n — 2) 
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if < \y\ < 



R 



Pi- 1 ' 



then 



Vi(oy 

Vi(y) < C Vi {0) ( 1 + 



n(n — 2) 



n — 2 
2 



ti I n i I H 



• if — %=r < \y\ < f, then v^y) < Cvi(0) u \y 
«i(o)-V- 

where /j, t{ are so chosen that ( 2n ~i)( w ~ 2 ) < ij m ^ <. n — 2, and £j = 1 — ^~ 1 - >; ' 
It follows that when a < r and < k < n — 1, there exists a constant C such that 



(49) 



|y|*i;i(0) K+1 dj/ < C^-(O)- 



[vl<«r 



This can be proved by the same calculation as in the proof of Lemma 16.21 Next by an 
argument that is almost identical to the proof of Proposition 14.31 we can show that 

^■m^xpdy 



5i < C ^(O) 2 * 1 + 
This gives a preliminary estimate 



Or 



S l <c(v l (0r^~ 2 +v i (0f^, 
and additionally lim Vi(0) Sl = 1. Then by the same calculations as those in Section fl~3l 

i— >oo 

we know that for j = 1, 2..., n, 



\Pvf i+l9Ki 



dy J 



dy 



<C(5 t r t + v t (0) 2U ), 



and we have a preliminary estimate 



dy- 



■(0) 



<c(r^(0)-^+^(0) 2t *) . 



Choose a point y with |y| = r. We have 



A, 



On any compact subset Q of R™\{0} which contains y, since we have a Harnack inequality 
for Vi, is uniformly bounded. Thus because Vi(y) — > and converges to the 
Euclidean metric, — t^v converges on f2 in C 2 -norm to a function h with A/i = 0, where A 
is the Euclidean Laplacian. Since Q is arbitrary, Ah = on R n \ {0}. Then because is 
a simple blow-up point of {vi} and |y| p '~ 1 nas a second critical point at \y\ = 1, we 

know h{y) = \ + \ \y\ 2 ~ n . 

Now as in Section H~4l we can prove that VK(Pi) = lim VK(x{) = 0, i.e., Pi is a critical 

i— too 

point of K. Recall that the proof is by contradiction: suppose VK{P\) ^ 0, we study the 
Pohozaev identity (divided by vf(y)) with X = rj^ and compare the signs of the limits of 



c{n)R{g 



(0> 



+ v i (yy>- 1 K l 



Vi(y) 



0. 



both sides. The key point is to establish the limit 



lim i> 2 (0) 



r^^Xpdy 



0. 
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In fact, if we have this limit, then by the same argument as in Section H~5l it will give a 
contradiction and rule out Case I completely. 

Since P\ is a critical point and K satisfies condition (**), we know 

d a K n-l-H 



X.: 



dz 

when 2 < \oc\ < n — 2. Then because Ki(y) = K(riy) 



dy c 



"(0) 



(n-l)(la|-l) 

< Cr { "" 2 \VK { 



2~H 



7i— 1 — | a | 

71-2 



< c n | VKt (o)| 



n — 3 



where the last step uses the fact that |V.fQ(0)| — > and n > ~ • Then we can 
use exactly the same argument as in Section fl~5l to refine the estimates for 5, and |Vi^(0)| 
and thus prove the key limit. This finishes the proof in Case I. 

2 

6.2. Ruling out Case II. Recall that by defining Vi(y) = crp" 1 Ui(<Tiy) and y = — , we 
have reduced Case II to the situation that Vi satisfies 

^ gii) v i -c{n)R(g^)v i + K i v^ i = 

where g M (y) = g a(3 (a i y)dy a dy 13 , R(g {t) )(y) = afR(g)((Jiy) and = Kfay), and is 

an isolated blow-up point of {vi}. 

If is not a simple blow-up point, then we can do another rescaling and repeat the previ- 
ous argument in Section [6. 1.2[ with replaced by rjCTj, to get a contradiction. Therefore 
must be a simple blow-up point for {vi}. Then we can still repeat the argument in Section 

16.1.21 with r, replaced by o"j. The only difference is in the expression of h = lim l -^-r . 

i^oo Vi (y) 

2 

As in the scalar-flat case, because here \y\ doesn't have a second critical point 
at | y | = 1, we have a different expression of h: near 0, 

h(y) = c 1 \y\ 2 - n + A + 0(\y\) 

where A is a positive constant. This positive "mass" term A > guarantees that the limit 
of the boundary term of the Pohozaev identity is still negative, i.e., 

lim [ Ti(X, uAdEi < 0. 

The other parts of the proof remain the same. Therefore Case II can also be ruled out. 
This completes the proof of Theorem 11.81 
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